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We take a model of foamy space-time structure described by self-similar fractals. We study 
the propagation of a scalar field on such a background and we show that for almost any initial 
conditions the renormalization group equations lead to an effective highly symmetric metric at 
large scale. 

1. Introduction 

Quantum gravity presents a potential difficulty which persists in any unification 

program which incorporates gravity in the framework of a local field theory in 

dimensions d > 4. In all such theories a local O ( d - 1 , 1 )  space-time symmetry is 
quite generally assumed at the outset as a "kinematical" symmetry of the classical 

action. Such an extrapolation from relatively large distances, where the symmetry 

0(3 ,1)  is tested to a genuine local property is questionable. Indeed, the unbounded- 
ness of the Einstein curvature term in the analytically continued euclidean action 

signals violent fluctuations near the Planck scale. Hence a "foamy" fractal space-time 
structure is expected [1], from which the average metric below this scale should 
emerge in a dynamical way. There is no obvious reason why a smooth effective 

metric should at all be generated, and even if it were, why it should bear any 
relation to the "bare" symmetrical local metric imposed on the "fundamental" 
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Fig. 1. The first two iterations of a 2-dimensional 3-fractal. 

tive integers v i (i = 1 . . . . .  d)  such that their s u m  Y~./d=lP i is less or equal to n. All 
these points are contained in the hypertetrahedron bounded by the coordinate 
hyperplanes and the E~a=lVi = n hyperplane. We distinguish interior points and 
points belonging to a k-face (k < d), that is points characterized by a set of 
coordinates vj which contains d - k  subsets s such that ~ ,  ~svi = 0 (mod n). Every 
point belongs to the boundary of at least one sub-hypertetrahedron and two points 
are called neighbours if they belong to the same sub-hypertetrahedron. One goes 
from a point to one of its neighbours by one of the elementary translations t i and lij 
defined as: 

_+ ti: v~--+ v~: ,  where v~ = v k if k :~ i, 

v" = v i + 1 ; 

l q : v}--+ vj  , w h e r e  v'k = v k i f  i 4= k --t= j ; 

v" = v i + 1, 

v~ = v j -  1. (2.1) 

In general, an interior point admits d ( d  + 1) neighbours reached by the 2d transla- 
tions ___t i and the d ( d - 1 )  l q  translations. If a point belongs to a k-face of the 
hypertetrahedron, some of these operations reach a point outside the initial hyperte- 
trahedron. Actually, points belonging to a k-face have only d ( k  + 1) neighbours. 
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Fig. 5. The plane of 2-parameter homogeneous metrics on the Sierpinski gasket. The hyperbole a = /3/(,8 + 1) separates the domain of euclidean 
metrics from minkowskian metrics and corresponds - except at the origin - to 1-dimensional metrics. ML, M 2, Ma denote unstable minkowskian 
fixed geometries while E corresponds to the stable euclidean fixed point. The unstable fixed points 01, 0 2 and 0 3 associated to 0-dimensional 
geometries are located at the origin and at infinity on the (a, /~) coordinates axis. The six straight lines are subsets invariant with respect to the 
recursion relation but repulsive in the region where they are dashed. The first points of two sequences of iterations are drawn. Note that for one of 

them the 10th point (a  = -56 .4 , /3  = -52 .5)  is outside the frame of the figure. 
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Fig. 10. A metrical representation of the two first iterations of a 2-dimensional 2-fractal corresponding 
to the euclidean fixed point. Vertices are labelled according to fig. 4. 

angles of the cell without its base, that is 57r, minus the sum of the angles not 
belonging to the cell and touching the 3 exterior vertices of the cell, that is 
6~r - ~r = 5~r. We find thus that the curvature of a cell is zero, which is consistent 
with the assumption that the space surrounding the cell is flat. 

Though the exact value of the curvature at each vertex of a cell is subject to some 
arbitrariness, because of the arbitrariness showed in the previous section of the 
normalization of the ?~i9's at successive levels, one easily verifies that, for the 
homogeneous metrics considered here, all the non-zero cancelling curvatures are 
located at the cell boundaries. The vertices belonging to the p and (p  + 1) levels ot 
fractalization have negative curvature, the others have positive curvature. 

Consider now a metric n-fractal, n >> 1, cutoff after the first iteration (or 
equivalently a ( p -  1) triangle in a fractal cutoff at the p th  level). The result is a 
triangular lattice. Because the integrated curvature of any cell is zero, the inside of 
the lattice is correctly described on the average by a locally flat metric. From 
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Figure 6.4. Geometric interpretation of Proposition 6.1.

7. Effective resistance metric, Green’s function
and capacity of points

We first recall from [Ki4] some facts about limits of resistance networks.
Although we state all the results of this section for the Sierpiński gasket,
they can be applied to general pcf fractals with only minor changes.

Let E(f, f) be defined by (1.2) for any function f on V∗, where En is a
compatible sequence of Dirichlet forms on Γn.

Proposition 7.1. Every point of V∗ =
⋃

n≥0 Vn has positive capacity.

Proof. Let x ∈ V∗. Then x ∈ Vn for some n. The capacity of {x} with respect
to E is the same as that with respect to En because of the compatibility of
the sequence of networks. The latter capacity is positive because Vn is a
finite set. �

The effective resistance is defined for any x, y ∈ V∗ by

R(x, y) = minu{E(u, u) : u(x) = 1, u(y) = 0}
)−1

.(7.1)

Here the minimum is taken over all functions on V∗. Note that x, y ∈ Vn
for large enough n and that (7.1) does not change if E is replaced by En,
because of the compatibility condition (see [Ki4], Proposition 2.1.11). By
Theorem 2.1.14 in [Ki4], R(x, y) is a metric on V∗. In what follows we will
write R-continuity, R-closure etc. for continuity, closure etc. with respect to
the effective resistance metric R. It is known that if E(u, u) < ∞ then u is
R-continuous ([Ki4], Theorem 2.2.6(1)). The main ingredient in the proof
of this fact is the inequality

|u(x)− u(y)|2 ≤ R(x, y)E(u, u).(7.2)

Let Ω be the R-completion of V∗. We can conclude from (7.2) that if u
is a function on V∗ such that E(u, u) <∞ then u has a unique continuation
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To simulate a kind of magnetic field in a fractal environment we study the tight-binding
Schrodinger equation on a Sierpinski gasket. The magnetic field is represented by the introduction
of a phase onto each hopping matrix element. The energy levels can then be determined by either
direct diagonalization or recursive methods. The introduction of a phase breaks all the degeneracies
which exist in and dominate the zero-field solution. The spectrum in the field may be viewed as
considerably broader than the spectrum with no field. A novel feature of the recursion relations is
that it leads to a power-law behavior of the escape rate. Green's-function arguments suggest that a
majority of the eigenstates are truly extended despite the finite order of ramification of the fractal
lattice.

I. INTRODUCTION

Hamiltonians defined on fractal surfaces have been the
subject of many papers lately. ' In particular, Domany
et al. ' have given a detailed analysis of the spectrum of
eigehstates of the Schrodinger equation defined on a two-
dimensional (2D) Sierpinski gasket. This calculation is
based upon exact decimination techniques which provide
a powerful semianalytical method of finding detailed
properties of the Hamiltonian.

Problems of fractal lattices are reminiscent of (but very
much simpler than) those which are conventionally stud-
ied for electron localization. For this situation the locali-
zation. can be rather fully understood. One learns, for ex-
ample, that, although there are a few extended states,
most states are very highly localized, on finitely ramified
fractals. Furthermore, almost all the states have a very
high degree of degeneracy. Of course, the observed locali-
zation phenomena on these systems are fundamentally
different from Anderson localization. For one thing,
these lattices give a finite order of ramification. For
another, if one chooses to describe the self-similar struc-
ture by configurational disorder (e.g., by cutting some
bonds) then the resulting "disorder" is highly correlated.
Nonetheless, these systems form interesting test cases
which are worth studying.

In this paper we study magnetic field effects on elec-
tronic motion through a 2D Sierpinski gasket (Fig. 1).
Following Alexander, we describe the motion by giving
an electronic wave function at each mode of the lattice,

The tight-binding Hamiltonian fixes the hopping ma-
trix element between neighboring sites to have a magni-
tude

~ f ~

which is the same for all nearest-neighbor sites
and zero otherwise. A magnetic field is defined by giving
the value of the phase on each bond so that the sum of
phases along a closed path is the magnetic flux enclosed

by the path.
The very simplest model is chosen by taking all bonds

to have exactly the same phase. We make this choice by
allowing all bonds in the direction of the arrows in Fig. 1

to have a matrix element f= foe'~, and all bonds opposite
to the arrows to have f=foe '~, with fo real and posi-
tive. Although this choice gives a natural bond pattern,
the magnetic flux pattern is far less natural. All the ele-
mentary upward-pointing triangles, like those labeled 3 in
the figure, have the very same flux, N+ ——3P. However,
using the same convention for the sign of the flux, the
smallest downward-pointing triangles labeled 8 have flux
@~———3tb, while larger downward-pointing triangles have
larger negative flux, for example, Nc ———6P. Hence, the
magnetic field pattern studied is quite nontrivial.

I C II
FIG. 1. Fragment of the Sierpinski gasket. The phase of the

hopping matrix is equal to P in the direction of the arrow and
—P otherwise.

31 1388 1985 The American Physical Society
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Alexander has studied more general flux patterns. We
choose the pattern described above because it gives the
simplest recursion equations and a maximum spatia1
homogeneity in f. Since the most interesting real magnet-
ic field problem (the one in two dimensions) can be
described as having a similarly spatially uniform f, we
hope that our choice might lead to particularly interesting
and perhaps extendable results.

This paper is organized as follows. In Sec. II we derive
the recursion relations for the problem using a functional
integral method. In Sec. III we study this map in a
phenomenological manner. It turns out that the concept
of "escape" ' can be successfully employed in order to
reveal the nature of the spectrum of eigenstates. A novel
aspect is a power-law behavior of the escape, something
which has not been observed before. This behavior is
closely related to the occurrence of marginal behavior in
the recursion relations in the neighborhood of a fixed line.
On that fixed line the recursion relations reduce to a logis-
tic map" ' with May-Feigenbaum parameter A, =, 4.
From these notions the qualitative nature of the spectrum
and of the eigenstates can be derived. The latter will be
subject of Sec. IV (numerical studies).

In Sec. V we present arguments, using Green's func-
tions, that a majority of the eigenstates are, indeed, truly
extended. This is a quantum-mechanical result which is
contrary to the "intuition" gained by studying classical
problems on the gasket. Classically, the finite order of
ramification of the gasket enables one to construct
domains of arbitrary size having a constant domain-wall
energy. As a result, for example, an Ising model on a gas-
ket' has a T, of zero. In contrast, in our quantum prob-
-lem, resonance effects permit a few links to produce a
large coherence length.

II. FORMULATION

A. Decimation

Consider the partition function

Z(e) = JD[1(t]D[g]exp[/(el —H)g] =det(el —H),

tion function. The partition function itself is simply a
product of e —e .For example, in the case of a trivial
gasket with three sites (Fig. 2), we have

Zo(e) =det(el —Ho), (2)

where Ho is given by
T

and 1 is a 3 && 3 unit matrix. This result is easily evaluated
as

Zo(e) =e —3Fff * f (—f*)— (4)

In our actual work we shall measure e in units of the
magnitude of the hopping, choosing as our variables P
and x =e/

~ f ~

. In terms of these variables, the basic par-
tition function (4) becomes

D(x,g) =x 3x —2 c—os3$ .

On the trivial lattice, the eigenenergies are given in units
of

~ f ~
by the zeros of D(x, g).

To elucidate the behavior of the nontrivial lattice, one
performs a decimation procedure on it to eliminate sites
until the trivial problem is reached. However, the cou-
pling to the outside corners of the largest triangle may
have to be handled separately since these sites are likely to
have a special environment. We return to this point
below, after the recursion relation for the other bonds is
established.

The decimation is easily obtained as follows (see Fig. 3).
The right-hand side of the figure is obtained from the
left-hand side by eliminating sites a, b, and c, i.e., the
fields P on sites a, b, and c are simply integrated out.
The part of the Lagrangian corresponding to the left-hand
side of Fig. 3 can be written as

e—Ho —Ho
~b1ock [Wi~ Po] (6)

(1) where

where P=iP and the integration is over complex
Grassmann fields. In Eq. (1), e denotes a trial value of the
energy. Each actual eigenenergy e is a zero of the parti-

[4. Col=[0 fbP Vlf''3]
and Ho is given by Eq. (3). The decimation, i.e., the in-
tegration over f;, is easily performed, leading to a
transformed Lagrangian for the block

FIG. 2. The trivial lattice.

FIG. 3. Decimation consists of integration over Grassmann
fields at sites a, b, and c, leading to effective hopping matrix
elements between sites 1, 2, and 3.
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phase difference of 2~1/3, l =0, 1,2. The eigenvalues thus
obtained are exactly those for the larger gasket. In Sec.
IV we exploit this property to obtain eigenenergies and
functions for a gasket containing 1095 sites by diagonaliz-
ing the Hamiltonian on gaskets containing 366 sites.

One more boundary condition is of some interest. Fol44

lowing Ref. l once again, we can combine the triangles of
Fig. 1 into a periodic lattice. The outside vertices of the
triangles are special. Now they have six neighbors, while
all other points have four. We describe these special
points by an on-site energy y. The form of Eq. (17a) and
the initial condition y„=x„still hold, but now, instead of
Eq. (17b), we have

y (x —3x —2 cos3$) —6x (x +cos3$) (18a)
x (x —7x —6 cos3$)

Then, when the last stage is reached, the on-site energy is
y &, while the phase is P&. In this last stage the system lies
upon a triangular lattice. A brief calculation shows that
the allowed energies of the lattice are in the range
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FIG. 4. Set of initial points that do not escape after 100 itera-

tions. Line Jj corresponds to x = —2cos3$. Lines 8 and Care
described in Sec. III C 2.

Thus we find, with this boundary condition, that allowed
energies occur in bands.

C. A note on the zero-field case

The approaches to finding the spectrum described in
the preceding section must all be modified if the field is
zero. The basic problem can be seen in specializing Eq.
(10) to the case P =0. Then this equation reads

x (x + l )(x +2)(x —3)
r'"sg~

perform i iterations and see how many and which of the
original points remain in the region. In previous experi-
ments of this kind' the number of points surviving after i
iterations, n, (i), dropped off exponentially,

n, (i ) e-
for large ~'.

The measurement of n, (i) is interesting because n,
gives information about localization, densities of states,
and the fractal character of the spectrum. For the case in
which gaskets with the order of 3' sites are combined into

N =(x +2)(x + I ),
I =(x+2) (x+l)

(19)
0-

When x is —2 or —l, Eqs. (19) have an intractable 0/0
structure. That is why these values of x had to be han-
dled specially in Ref. l. At /~+60', similar singularities
appear at x =2 or 1.

However, this difficulty is peculiar to these three spe-
cial cases of P. For these P values, special attention must
be given to the values of x which produce the 0/0 struc-
ture. However, for all other P values, I remains positive,
no distinguished values of x arise, and the methods out-
lined in subsection 8 do give the spectrum.

III. THE SPECTRUM

A. Introduction
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%'e now proceed in a semiphenomenological fashion
and perform a kind of escape-rate experiment' in, the x-P
plane. This procedure will help us understand the spec-
trum of eigenstates.

What we shall do is very simple: We initially distribute
points uniformly in a region of the x,P plane. We then
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tions.
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We measure the spectral dimension of universes emerging from nonperturbative quantum gravity,
defined through state sums of causal triangulated geometries. While four dimensional on large scales, the
quantum universe appears two dimensional at short distances. We conclude that quantum gravity may be
‘‘self-renormalizing’’ at the Planck scale, by virtue of a mechanism of dynamical dimensional reduction.
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Quantum gravity as an ultraviolet regulator?—A shared
hope of researchers in otherwise disparate approaches to
quantum gravity is that the microstructure of space and
time may provide a physical regulator for the ultraviolet
infinities encountered in perturbative quantum field theory.

tral dimension, a diffeomorphism-invariant quantity ob-
tained from studying diffusion on the quantum ensemble
of geometries. On large scales and within measuring ac-
curacy, it is equal to four, in agreement with earlier mea-
surements of the large-scale dimensionality based on the
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�2
d logP���
d log�

� a�
b

�� c
(10)

agrees best with the data. In Fig. 1, the curve

DS��� � 4:02�
119

54� �
(11)

has been superimposed on the data, where the three con-
stants were determined from the entire data range � 2
�40; 400�. Although both b and c individually are slightly
altered when one varies the range of �, their ratio b=c as
well as the constant a remain fairly stable. Integrating
relation (10), we have

P��� �
1

�a=2�1� c=��b=2c
; (12)

implying a behavior

P��� �
�
��a=2 for large �;
���a�b=c�=2 for small �:

(13)

Our interpretation of Eqs. (12) and (13) is that the quantum
geometry generated by CDT does not have a self-similar
structure at all distances, but instead has a scale-dependent
spectral dimension which increases continuously from a�
b=c to a with increasing distance.

Taking into account the variation of a in Eq. (10) when
using various cuts ��min; �max� for the range of �, as well
as different weightings of the errors, we obtain the asymp-
totic value

DS�� � 1� � 4:02 0:1; (14)

which means that the spectral dimension extracted from
the large-� behavior (which probes the long-distance
structure of spacetime) is compatible with four. On the
other hand, the ‘‘short-distance spectral dimension,’’ ob-
tained by extrapolating Eq. (12) to �! 0 is given by

DS�� � 0� � 1:80 0:25; (15)

and thus is compatible with the integer value two.
Discussion.—The continuous change of spectral dimen-

sion described in this Letter constitutes to our knowledge
the first dynamical derivation of a scale-dependent dimen-
sion in full quantum gravity. (In the so-called exact renor-
malization group approach to Euclidean quantum gravity, a
similar reduction has been observed recently in an
Einstein-Hilbert truncation [12].) It is natural to conjecture
it will provide an effective short-distance cutoff by which
the nonperturbative formulation of quantum gravity em-
ployed here, causal dynamical triangulations, evades the
ultraviolet infinities of perturbative quantum gravity.
Contrary to current folklore (see [13] for a review), this
is done without appealing to short-scale discreteness or
abandoning geometric concepts altogether.

Translating our lattice results to a continuum notation
requires a ‘‘dimensional transmutation’’ to dimensionful
quantities, in accordance with the renormalization of the

lattice theory. Because of the perturbative nonrenormaliz-
ability of gravity, this is expected to be quite subtle. CDT
provides a concrete framework for addressing this issue
and we will return to it elsewhere. However, since � from
(1) can be assigned the length dimension two, and since we
expect the short-distance behavior of the theory to be
governed by the continuum gravitational coupling GN , it
is tempting to write the continuum version of (10) as

PV��� �
1

�2

1

1� const:�GN=�
; (16)

where const. is a constant of order one. Using the same
naı̈ve dimensional transmutation, one finds that our ‘‘uni-
verse’’ of 181.000 discrete building blocks has a spacetime
volume of the order of �20lPl�

4 in terms of the Planck
length lPl, and that the diffusion with � � 400 steps cor-
responds to a linear diffusion depth of 20lPl, and is there-
fore of the same magnitude. The relation (16) describes
a universe whose spectral dimension is four on scales
large compared to the Planck scale. Below this scale,
the quantum-gravitational excitations of geometry lead
to a nonperturbative dynamical dimensional reduction
to two, a dimensionality where gravity is known to be
renormalizable.
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Abstract

The emergence of fractal features in the microscopic structure of space-time is a common theme in

many approaches to quantum gravity. In this work we carry out a detailed renormalization group

study of the spectral dimension ds and walk dimension dw associated with the effective space-times

of asymptotically safe Quantum Einstein Gravity (QEG). We discover three scaling regimes where

these generalized dimensions are approximately constant for an extended range of length scales:

a classical regime where ds = d, dw = 2, a semi-classical regime where ds = 2d/(2 + d), dw =

2 + d, and the UV-fixed point regime where ds = d/2, dw = 4. On the length scales covered

by three-dimensional Monte Carlo simulations, the resulting spectral dimension is shown to be

in very good agreement with the data. This comparison also provides a natural explanation

for the apparent puzzle between the short distance behavior of the spectral dimension reported

from Causal Dynamical Triangulations (CDT), Euclidean Dynamical Triangulations (EDT), and

Asymptotic Safety.
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Q: can we do intrinsic differential geometry and analysis ?




