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Early (physics) results on spectral analysis on fractals

I R. Rammal and G. Toulouse, Random walks on fractal structures
and percolation clusters. J. Physique Letters 44 (1983)

I R. Rammal, Spectrum of harmonic excitations on fractals. J.
Physique 45 (1984)

I E. Domany, S. Alexander, D. Bensimon and L. Kadanoff, Solutions
to the Schrödinger equation on some fractal lattices. Phys. Rev. B
(3) 28 (1984)

I Y. Gefen, A. Aharony and B. B. Mandelbrot, Phase transitions on
fractals. I. Quasilinear lattices. II. Sierpiński gaskets. III. Infinitely
ramified lattices. J. Phys. A 16 (1983)17 (1984)



Early results on diffusions on fractals

Sheldon Goldstein, Random walks and diffusions on fractals. Percolation
theory and ergodic theory of infinite particle systems (Minneapolis,
Minn., 1984–1985), IMA Vol. Math. Appl., 8, Springer

Summary: we investigate the asymptotic motion of a random walker,
which at time n is at X(n), on certain ‘fractal lattices’. For the
‘Sierpiński lattice’ in dimension d we show that, as L→∞, the process
YL(t) ≡ X([(d + 3)Lt])/2L converges in distribution to a diffusion on
the Sierpin’ski gasket, a Cantor set of Lebesgue measure zero. The
analysis is based on a simple ‘renormalization group’ type argument,
involving self-similarity and ‘decimation invariance’. In particular,

|X(n)| ∼ nγ ,

where γ = (ln 2)/ ln(d + 3)) 6 2.

Shigeo Kusuoka, A diffusion process on a fractal. Probabilistic methods
in mathematical physics (Katata/Kyoto, 1985), 1987.



I M.T. Barlow, E.A. Perkins, Brownian motion on the Sierpinski
gasket. (1988)

I M. T. Barlow, R. F. Bass, The construction of Brownian motion on
the Sierpiński carpet. Ann. Inst. Poincaré Probab. Statist. (1989)

I S. Kusuoka, Dirichlet forms on fractals and products of random
matrices. (1989)

I T. Lindstrøm, Brownian motion on nested fractals. Mem. Amer.
Math. Soc. 420, 1989.

I J. Kigami, A harmonic calculus on the Sierpiński spaces. (1989)

I J. Béllissard, Renormalization group analysis and quasicrystals, Ideas
and methods in quantum and statistical physics (Oslo, 1988)
Cambridge Univ. Press, 1992.

I M. Fukushima and T. Shima, On a spectral analysis for the
Sierpiński gasket. (1992)

I J. Kigami, Harmonic calculus on p.c.f. self–similar sets. Trans.
Amer. Math. Soc. 335 (1993)

I J. Kigami and M. L. Lapidus, Weyl’s problem for the spectral
distribution of Laplacians on p.c.f. self-similar fractals. Comm.
Math. Phys. 158 (1993)





Main classes of fractals considered

I [0, 1]

I Sierpiński gasket

I nested fractals

I p.c.f. self-similar sets, possibly with various symmetries

I finitely ramified self-similar sets, possibly with various symmetries

I infinitely ramified self-similar sets, with local symmetries, and with
heat kernel estimates (such as the Generalized Sierpiński carpets)

I metric measure Dirichlet spaces, possibly with heat kernel estimates
(MMD+HKE)
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I Sierpiński gasket

I nested fractals

I p.c.f. self-similar sets, possibly with various symmetries

I finitely ramified self-similar sets, possibly with various symmetries

I infinitely ramified self-similar sets, with local symmetries, and with
heat kernel estimates (such as the Generalized Sierpiński carpets)
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Figure: Sierpiński gasket and Lindstrøm snowflake (nested fractals), p.c.f.,
finitely ramified)



Figure: The basilica Julia set, the Julia set of z2 − 1 and the limit set of the
basilica group of exponential growth (Grigorchuk, Żuk, Bartholdi, Virág,
Nekrashevych, Kaimanovich, Nagnibeda et al., Rogers-T.).



Figure: Diamond fractals, non-p.c.f., but finitely ramified



Figure: Laakso Spaces (Ben Steinhurst), infinitely ramified



Figure: Sierpiński carpet, infinitely ramified



Existence, uniqueness, heat kernel estimates

Brownian motion:
Thiele (1880), Bachelier (1900)
Einstein (1905), Smoluchowski (1906)
Wiener (1920’), Doob, Feller, Levy, Kolmogorov (1930’),
Doeblin, Dynkin, Hunt, Ito ...

Wiener process in Rn satisfies 1
n
E|Wt|2 = t and has a

Gaussian transition density:

pt(x, y) =
1

(4πt)n/2
exp

(
−
|x− y|2

4t

)

distance ∼
√

time

“Einstein space–time relation for Brownian motion”



De Giorgi-Nash-Moser estimates for elliptic and parabolic PDEs;

Li-Yau (1986) type estimates on a geodesically complete
Riemannian manifold with Ricci > 0:

pt(x, y) ∼
1

V(x,
√

t)
exp

(
−c

d(x, y)2

t

)

distance ∼
√

time



Brownian motion on Rd: E|Xt − X0| = ct1/2.

Anomalous diffusion: E|Xt − X0| = o(t1/2), or (in regular enough
situations),

E|Xt − X0| ≈ t1/dw

with dw > 2.

Here dw is the so-called walk dimension (should be called “walk index”
perhaps).

This phenomena was first observed by mathematical physicists working in
the transport properties of disordered media, such as (critical) percolation
clusters.



pt(x, y) ∼
1

tdH/dw
exp

(
−c

d(x, y)
dw

dw−1

t
1

dw−1

)

distance ∼ (time)
1

dw

dH = Hausdorff dimension
1
γ

= dw = “walk dimension” (γ=diffusion index)

2dH

dw
= dS = “spectral dimension” (diffusion dimension)

First example: Sierpiński gasket; Kusuoka, Fukushima, Kigami, Barlow,
Bass, Perkins (mid 1980’—)



Theorem (Barlow, Bass, Kumagai (2006)).

Under natural assumptions on the MMD (geodesic Metric Measure space
with a regular symmetric conservative Dirichlet form), the sub-Gaussian
heat kernel estimates are stable under rough isometries, i.e. under
maps that preserve distance and energy up to scalar factors.

Gromov-Hausdorff + energy



Theorem. (Barlow, Bass, Kumagai, T. (1989–2010).) On any fractal in
the class of generalized Sierpiński carpets (includes cubes in Rd) there
exists a unique, up to a scalar multiple, local regular Dirichlet form that
is invariant under the local isometries.

Therefore there there is a unique corresponding symmetric Markov
process and a unique Laplacian. Moreover, the Markov process is Feller
and its transition density satisfies sub-Gaussian heat kernel estimates.



Main difficulties:

If it is not a cube in Rn, then

I dS < dH, dw > 2

I the energy measure and the Hausdorff measure are mutually singular;

I the domain of the Laplacian is not an algebra;

I if d(x, y) is the shortest path metric, then d(x, ·) is not in the
domain of the Dirichlet form (not of finite energy) and so methods
of Differential geometry seem to be not applicable;

I Lipschitz functions are not of finite energy;

I in fact, we can not compute any functions of finite energy;

I Fourier and complex analysis methods seem to be not applicable.
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Theorem. (Grigor’yan and Telcs, also [BBK])

On a MMD space the following are equivalent

I (VD), (EHI) and (RES)

I (VD), (EHI) and (ETE)

I (PHI)

I (HKE)

and the constants in each implication are effective.

Abbreviations: Metric Measure Dirichlet spaces, Volume Doubling,
Elliptic Harnack Inequality, Exit Time Estimates, Parabolic Harnack
Inequality, Heat Kernel Estimates.



Spectral analysis

A part of an infinite Sierpiński gasket.
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Figure: An illustration to the computation of the spectrum on the infinite

Sierpiński gasket. The curved lines show the graph of the function R(·).

Theorem. (Béllissard 1988, T. 1998, Quint 2009)
On the infinite Sierpiński gasket the spectrum of the Laplacian consists of
a dense set of eigenvalues R−1(Σ0) of infinite multiplicity and a
singularly continuous component of spectral multiplicity one
supported on R−1(JR).



The Tree Fractafold.
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An eigenfunction on the Tree Fractafold.
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Theorem. (Strichartz, T. 2010) The Laplacian on the periodic triangular
lattice finitely ramified Sierpiński fractal field consists of absolutely
continuous spectrum and pure point spectrum. The absolutely
continuous spectrum is R−1[0, 16

3
]. The pure point spectrum

consists of two infinite series of eigenvalues of infinite multiplicity. The
spectral resolution is given in the main theorem.



still open math problems on fractals (with some progress
made)

I Existence of self-similar diffusions on finitely ramified fractals? on
any self-similar fractals? on limit sets of self-similar groups? Is there
a natural diffusion on any connected set with a finite Hausdorff
measure (Béllissard)?

I Spectral analysis on finitely ramified fractals but with few
symmetries, such as Julia sets (Rogers-T), and infinitely ramified
fractals (Joe Chen)? Meromorphic spectral zeta function
(Steinhurst-T, Kajino)?

I Distributions or generalized functions (Rogers-Strichartz)?

I Resolvent and eiHt estimates (Rogers)?

I Derivatives on fractals; differential geometry of fractals
(Rogers-Ionescu-T)?

I PDEs involving derivatives, such as the Navier-Stokes equation?
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Further directions

I Fractal behavior of processes in algebra and geometry and
probabilistic approach to stability under Hölder continuous
transformations (Gromov, Perelman).

I Mathematical physics, in particular, more general diffusion processes
than in Einstein theory, behavior of fractals in magnetic field,
Feynman integrals and field theories in general spaces.

I Computational tools for natural sciences, such as geophysics,
chemistry, biology etc.
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Part 2. Some new results related to this conference:
spectral zeta functions

Theorem. (Derfel, Grabner, Vogl; also Kajino, Steinhurst, T.
(2007–2011)) For a large class of finitely ramified symmetric fractals,
which includes the Sierpiński gaskets, the spectral zeta function

ζ(s) =
∑

λ
s/2
j

has a meromorphic continuation from the half-plain Re(s) > dS to C.
Moreover, all the poles and residues are computable from the geometric
data of the fractal. Here λj are the eigenvalues if the unique symmetric
Laplacian.

I Example: ζ(s) is the Riemann zeta function up to a trivial factor in
the case when our fractal is [0, 1].

I In more complicated situations, such as the Sierpiński gasket, there
are infinitely many non-real poles, which can be called complex
spectral dimensions, and are related to oscillations in the spectrum.
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Theorem. The spectral zeta function of the Laplacian on the Sierpiński
gasket is

ζ∆µ(s) = 1
2
ζ

3
4

R (s)
(

1
5s/2−3

+ 3
5s/2−1

)
+

1
2
ζ

5
4

R (s)
(

3·5−s/2

5s/2−3
− 5−s/2

5s/2−1

)



ds

dR

= log 9
log 5

= log 4
log 5

�

0 dR 1 ds
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�
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Poles (white circles) of the spectral zeta function of the Sierpiński gasket.



Remark: what are dimensions of the Sierpiński gasket?

I log 3
log 5

3

≈ 2.15 = Hausdorff dimension in effective resistance metric

I 2 = geometric, linear dimension

I log 3
log 2
≈ 1.58 = usual Hausdorff (Minkowsky, box, self-similarity)

dimension in Euclidean coordinates (geodesic metric)

I 2 log 3
log 5
≈ 1.37 = usual spectral dimension

I ... ... ... =
there are several Lyapunov exponent type dimensions related to
harmonic functions and harmonic coordinates (Kajino,
Ionescu-Rogers-T)

I 1 = topological dimension, martingale dimension

I 2 log 2
log 5
≈ 0.86 = polynomial spectral co-dimension ?



Theorem (Steinhurst-T)
For any intersection type finite self-similar structures (see Theorem 7.7
and Corollary 7.8 in Kajino 2010), including fully symmetric p.c.f.
fractals, nested fractals and generalized Sierpinski carpets, the spectral
zeta function associated to the self-similar Laplacian has a meromorphic
extension to beyond the spectral dimension, at least to the half-plane
Re(s) > 2 d∂

dw
. Moreover, the spectral zeta function satisfies the following

functional equation for γ > −c4 and Re(s) > 2 d∂
dw

d

dγ
ζ(s, γ) = −γζ(s + 2, γ). (1)

The poles of ζ(s, 0) are located, in the region Re(s) > 2 d∂
dw

, at

dS + 4πin
log(τ )

. When γ 6= 0 they are located at dS − 2m + 4πin
log(τ )

for

m ≥ 0.



Conjecture
We conjecture that for fully symmetric finitely ramified fractals, even
without heat kernel estimates, the spectral zeta function with γ = 0 has
a meromorphic continuation to C with at most two sequences of poles,
also called spectral dimensions, at Re(s) = dS and Re(s) = 0. This
applies for the usual Dirichlet Laplacian, and for the Neumann Laplacian
if the zero eigenvalue is excluded.

We conjecture that if for generalized Sierpinski carpets the possible poles
of the spectral zeta function with real part 2 dk

dw
, with k = 1, . . . , d− 1,

are actually removable singularities because there are different self-similar
(graph-directed) structures that yield the same Laplacian operator. This
applies for the usual Neumann Laplacian if the zero eigenvalue is
excluded. For the Dirichlet Laplacian the dimension of the boundary will
play a role in the spectral asymptotics.



Example: fractal strings of Lapidus

If L is a fractal string, that is, a disjoint collection of intervals of lengths
lj, then its geometric zeta function is ζL(s) =

∑
lsj .

Theorem (Lapidus). If A=− d2

dx2 is a Neumann or Dirichlet Laplacian

on L, then ζA(s) = π−sζ(s)ζL(s).

Example: Cantor self-similar fractal string.
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Part 3. New results related to this conference:
spectral dimension of the universe

The Spectral Dimension of the Universe is Scale Dependent

J. Ambjørn,1,3,* J. Jurkiewicz,2,† and R. Loll3,‡

1The Niels Bohr Institute, Copenhagen University, Blegdamsvej 17, DK-2100 Copenhagen Ø, Denmark
2Mark Kac Complex Systems Research Centre, Marian Smoluchowski Institute of Physics, Jagellonian University,

Reymonta 4, PL 30-059 Krakow, Poland
3Institute for Theoretical Physics, Utrecht University, Leuvenlaan 4, NL-3584 CE Utrecht, The Netherlands

(Received 13 May 2005; published 20 October 2005)

We measure the spectral dimension of universes emerging from nonperturbative quantum gravity,
defined through state sums of causal triangulated geometries. While four dimensional on large scales, the
quantum universe appears two dimensional at short distances. We conclude that quantum gravity may be
‘‘self-renormalizing’’ at the Planck scale, by virtue of a mechanism of dynamical dimensional reduction.

DOI: 10.1103/PhysRevLett.95.171301 PACS numbers: 04.60.Gw, 04.60.Nc, 98.80.Qc

Quantum gravity as an ultraviolet regulator?—A shared
hope of researchers in otherwise disparate approaches to
quantum gravity is that the microstructure of space and
time may provide a physical regulator for the ultraviolet
infinities encountered in perturbative quantum field theory.

tral dimension, a diffeomorphism-invariant quantity ob-
tained from studying diffusion on the quantum ensemble
of geometries. On large scales and within measuring ac-
curacy, it is equal to four, in agreement with earlier mea-
surements of the large-scale dimensionality based on the
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�2
d logP���
d log�

� a�
b

�� c
(10)

agrees best with the data. In Fig. 1, the curve

DS��� � 4:02�
119

54� �
(11)

has been superimposed on the data, where the three con-
stants were determined from the entire data range � 2
�40; 400�. Although both b and c individually are slightly
altered when one varies the range of �, their ratio b=c as
well as the constant a remain fairly stable. Integrating
relation (10), we have

P��� �
1

�a=2�1� c=��b=2c
; (12)

implying a behavior

P��� �
�
��a=2 for large �;
���a�b=c�=2 for small �:

(13)

Our interpretation of Eqs. (12) and (13) is that the quantum
geometry generated by CDT does not have a self-similar
structure at all distances, but instead has a scale-dependent
spectral dimension which increases continuously from a�
b=c to a with increasing distance.

Taking into account the variation of a in Eq. (10) when
using various cuts ��min; �max� for the range of �, as well
as different weightings of the errors, we obtain the asymp-
totic value

DS�� � 1� � 4:02 0:1; (14)

which means that the spectral dimension extracted from
the large-� behavior (which probes the long-distance
structure of spacetime) is compatible with four. On the
other hand, the ‘‘short-distance spectral dimension,’’ ob-
tained by extrapolating Eq. (12) to �! 0 is given by

DS�� � 0� � 1:80 0:25; (15)

and thus is compatible with the integer value two.
Discussion.—The continuous change of spectral dimen-

sion described in this Letter constitutes to our knowledge
the first dynamical derivation of a scale-dependent dimen-
sion in full quantum gravity. (In the so-called exact renor-
malization group approach to Euclidean quantum gravity, a
similar reduction has been observed recently in an
Einstein-Hilbert truncation [12].) It is natural to conjecture
it will provide an effective short-distance cutoff by which
the nonperturbative formulation of quantum gravity em-
ployed here, causal dynamical triangulations, evades the
ultraviolet infinities of perturbative quantum gravity.
Contrary to current folklore (see [13] for a review), this
is done without appealing to short-scale discreteness or
abandoning geometric concepts altogether.

Translating our lattice results to a continuum notation
requires a ‘‘dimensional transmutation’’ to dimensionful
quantities, in accordance with the renormalization of the

lattice theory. Because of the perturbative nonrenormaliz-
ability of gravity, this is expected to be quite subtle. CDT
provides a concrete framework for addressing this issue
and we will return to it elsewhere. However, since � from
(1) can be assigned the length dimension two, and since we
expect the short-distance behavior of the theory to be
governed by the continuum gravitational coupling GN , it
is tempting to write the continuum version of (10) as

PV��� �
1

�2

1

1� const:�GN=�
; (16)

where const. is a constant of order one. Using the same
naı̈ve dimensional transmutation, one finds that our ‘‘uni-
verse’’ of 181.000 discrete building blocks has a spacetime
volume of the order of �20lPl�

4 in terms of the Planck
length lPl, and that the diffusion with � � 400 steps cor-
responds to a linear diffusion depth of 20lPl, and is there-
fore of the same magnitude. The relation (16) describes
a universe whose spectral dimension is four on scales
large compared to the Planck scale. Below this scale,
the quantum-gravitational excitations of geometry lead
to a nonperturbative dynamical dimensional reduction
to two, a dimensionality where gravity is known to be
renormalizable.
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Abstract – It has been realized that fractals may be characterized by complex dimensions,
arising from complex poles of the corresponding zeta function, and we show here that these
lead to oscillatory behavior in various physical quantities. We identify the physical origin of these
complex poles as the exponentially large degeneracy of the iterated eigenvalues of the Laplacian,
and discuss applications in quantum mesoscopic systems such as oscillations in the fluctuation
Σ2(E) of the number of levels, as a correction to results obtained in random matrix theory. We
present explicit expressions for these oscillations for families of diamond fractals, also studied as
hierarchical lattices.

Copyright c© EPLA, 2009

Fractals, such as the well-known Sierpinski gasket, have
been thoroughly studied in physics and in mathematics. In
addition to their own intriguing properties, they provide
a useful testing ground to investigate properties of disor-
dered classical or quantum systems [1], addressing such
fundamental physical issues as Anderson localization, the
renormalization group, and phase transitions [2]. In addi-
tion to condensed matter and statistical physics, fractals
have been considered in other contexts such as gravi-
tational systems [3,4], and in quantum field theory [5].
Despite the large amount of work dedicated to the study
of the spectra of deterministic fractals, explicit expressions
for spectral functions such as heat kernels or spectral zeta
functions, from which many physical quantities can be
derived, have remained elusive. It is well known that the
heat kernel Z(t) and zeta function ζ(s) play central roles
in various fields of physics: from mesoscopic physics [6], to
black holes [7], to quantum field theory on curved spaces
such as de Sitter and anti De Sitter spaces [8], to the
physics of the Casimir effect [9]. This is largely due to
their relation to the notion of the partition function in
statistical physics [10], and to the ubiquity of Schwinger’s
proper-time formalism [11].

(a)On leave from: Department of Physics, Technion Israel Institute
of Technology - 32000 Haifa Israel.
(b)E-mail: dunne@phys.uconn.edu

An important step was to identify the leading contribu-
tion to Weyl’s small time expansion of Z(t), showing that
it is determined by the fractal’s spectral dimension ds [12],
rather than by its fractal (Hausdorff) dimension dh, as
initially conjectured. The fact that fractals are charac-
terized by a set of more than one dimension, as opposed
to standard Euclidean spaces, illustrates the richness and
peculiarity of self-similar structures. Spectral properties
of deterministic fractals have recently been considered
anew in mathematics, and the notion of complex-valued
fractal dimensions has been introduced [12, 13], leading
to new results for the zeta function [14–16]. In this letter
we use and extend these results to study the resulting
(log-periodic) oscillations in the heat kernel and related
physical quantities. We illustrate these ideas with a
special class of fractals known as diamond fractals. These
diamond fractals permit simple explicit formulas, yet they
exhibit properties representative of a wider class, includ-
ing the Sierpinksi gasket (we discuss this general class in
the conclusions). The diamond fractals also allow us to
vary the spectral dimension, in particular to values less
than, greater than, or equal to the critical dimension 2.
Log-periodic oscillations have a long history in physics:

in the theory of phase transitions [17], the renormalization
group [18], Levy flights and fractals [19], and generally in
systems with a discrete scaling property [20]. Diamond
fractals have also been studied in the physics of hierarchi-
cal lattices [21].
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Fig. 1: First 2 iterations of the diamond fractals D4,2, D6,2 and
D6,3. Their respective branching factors (defined in the text)
are B = 1, 2, 1.

Our main result is the identification and characteri-
zation of a new oscillating behavior of Z(t) at small t,
which has implications for various physical quantities.
Such oscillations do not exist for smooth manifolds, or
even for quantum graphs. We apply these considerations
to the concrete case of quantum mesoscopic systems [6],
and show that the oscillating behavior can be directly
observed in spectral quantities such as the fluctuations
of the number of energy levels and the Wigner time delay.
We also relate the electric conductance g, the associated
weak localization corrections ∆g, and universal conduc-
tance fluctuations δg2 to the fractal zeta function.
We first recall some basic definitions and facts about

deterministic fractals. As opposed to Euclidean spaces
characterized by translation symmetry, self-similar (frac-
tal) structures possess a dilatation symmetry of their phys-
ical properties, each characterized by a specific fractal
dimension. To illustrate them, we consider throughout this
letter the family of diamond fractals (see fig. 1), but keep-
ing in mind that our results apply to a much broader class
of fractals, including the Sierpinski gasket. At each step n
of the iteration, we characterize a fractal by its total length
Ln, the number of sites Nn, and the diffusion time Tn.
Scaling of these dimensionless quantities allows to define
the corresponding Hausdorff dh, spectral ds, and walk dw
dimensions according to

dh =
lnNn
lnLn

, dw =
lnTn
lnLn

, ds = 2
lnNn
lnTn

, (1)

where the limit n→∞ is understood. These three dimen-
sions are thus related by ds = 2dh/dw.
To obtain the heat kernel of a fractal, let us recall

the corresponding expression for an Euclidean system
of space dimension d. We consider the diffusion equa-
tion −∆ψk(r) =Ekψk(r), where the diffusion coefficient
is set to unity, without yet specifying boundary condi-
tions. The probability P (r, r′, t) to diffuse, in time t,
from an initial point r to a final point r′, is given by

the Green’s function defined in an arbitrary volume Ω:
P (r, r′, t) = θ(t)

∑
k

∑gk
j=1 ψ

∗
k,j(r)ψk,j(r

′) e−Ekt. Here gk is
a degeneracy factor generally different from unity (e.g. on
a sphere [22]), except for one dim. diffusion on a finite
interval. The heat kernel Z(t) is defined for t > 0:

Z(t) =

∫
Ω

P (r, r, t) dr=
∑
k

gk e
−Ekt. (2)

The spectral zeta function is defined by a Mellin-Laplace
transform of the heat kernel

ζ(s, γ) =
1

Γ(s)

∫ ∞
0

dt

t
tsZ(t)e−γt =

∑
k

gk

(Ek + γ)s
. (3)

Many quantities are derived directly from the spectral zeta
function. E.g., the spectral determinant S(γ) is [7]

S(γ) = det(−∆+ γ) = exp
[
− d
ds
ζ(s, γ)|s=0

]
, (4)

which follows directly from the analytic continuation of
ζ(s, γ) in the complex s plane as a meromorphic function
analytic at s= 0, and the identity

[
d
dsλ

−s]
s=0
=− lnλ. For

example, from the spectral determinant, we deduce the
density of states: ρ(E) =− 1

π
limε→0+ Im d

dγ ln S(γ), with

γ =−E+ iε. This can also be written [23] in terms of
the on-shell S-matrix S(E) by the Birman-Krein formula
ρ(E) = 1

π
d
dE ln det S(−E), also defining the Wigner time

delay: τ(E) =−i� ddE ln det S(−E).
To generalize (2) to a fractal, we consider the probability

P (r, t) to diffuse over a distance r in a time t (with
obvious notations). Scaling properties of diffusion are
expressed using the definition (1) of the walk dimension
dw through the scaling transformation, P (λr, λ

dw t) =
P (r, t), for any scaling factor λ of the length, so that the
probability is of the form P (r, t) = f(rdw/t), where f is
some unknown function. In addition, the normalization
condition,

∫
ddhrP (r, t) = 1, and the change u= r/t1/dw ,

lead to the general scaling form

P (r, t) =
1

tdh/dw
f(rdw/t). (5)

This implies that diffusion on a fractal is anomalous in the
sense that the usual Euclidean relation 〈r2(t)〉 ∝ t, for long
enough times, is now replaced by 〈r2(t)〉 ∝ t2/dw : hence the
name “anomalous random walk dimension” for dw. Then,
relations (1) imply the well-known result P (0, t)∝ t−ds/2
for the leading term of the return probability which is
driven by the spectral dimension ds, rather than by the
Hausdorff dimension dh. Generalizing (2), the heat kernel
of a diamond fractal can be obtained by noticing that the
spectrum of diamond fractals is the union of two sets of
eigenvalues. One set is composed of the non degenerate
eigenvalues π2k2, (for k= 1, 2, . . .). This corresponds to
the spectrum of the diffusion equation defined on a finite
one-dimensional interval of unit length, with Dirichlet
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Table 1: Fractal dimensions and size scaling factor for diamond
fractals and for the Sierpinski gasket. For D6,2, the spectral
dimension is ds ≈ 2.58, and for D6,3, ds ≈ 1.63.

dh dw ds = 2dh/dw l=L
1/n
n

D4,2 2 2 2 2
D6,2 ln 6/ln 2 2 ln 6/ln 2 2
D6,3 ln 6/ln 3 2 ln 6/ln 3 3

Sierpinski ln 3/ln 2 ln 5/ln 2 2 ln 3/ln 5 2

boundary conditions. The second ensemble contains iter-
ated eigenvalues, π2k2Ldwn , obtained by rescaling dimen-
sionless length Ln and time Tn at each iteration n accord-
ing to Ldwn = Tn, given in (1). To proceed further, we
use the explicit scaling of the length Ln = l

n upon iter-
ation (see table 1). These iterated eigenvalues have an
exponentially large degeneracy given, at each step, by
BLdhn ≡B(ldh)n, where B = (ldh−1− 1) is the branching
factor of the fractal (see fig. 1), and the integer ldh is
the number of links into which a given link is divided.
The exponential growth of the degeneracy plays a crucial
role in our analysis. By contrast, on an N -dimensional
sphere the degeneracy grows as a polynomial, of order
N − 1 [22]. Finally, the diamond heat kernel ZD(t) is the
sum of contributions of the two sets of eigenvalues:

ZD(t) =

∞∑
k=1

e−k
2π2t+B

∞∑
n=0

Ldhn

∞∑
k=1

e−k
2π2t Ldwn . (6)

The associated zeta function ζD(s), from (3) at γ = 0, is

ζD(s) =
ζR(2s)

π2s

(
1+B

∞∑
n=0

Ldh−dwsn

)

=
ζR(2s)

π2s
ldh−1

(
1− l1−dws
1− ldh−dws

)
, (7)

where ζR(2s) is the Riemann zeta function. Note that a
very similar structure arises for the Sierpinski gasket [14],
with the Riemann zeta function factor replaced by another
zeta function. ζD(s) has complex poles given by

sm =
dh

dw
+
2iπm

dw ln l
=
ds

2
+
2iπm

dw ln l
, (8)

where m is an integer. The origin of these complex poles is
clearly the exponential degeneracy factors. The complex
poles have been identified with complex dimensions for
fractals [13,14].
By an inverse Mellin transform, we can write the heat

kernel as ZD(t) =
1
2πi

∫ a+i∞
a−i∞ ds ζD(s)Γ(s) t

−s. Then the
leading small time behavior comes from the pole of ζD(s)
at s= s0 = ds/2, giving the anticipated time decreasing
function ∼ t−ds/2. The pole of ζD(s) at s= 1/2 (coming
from the ζR(2s) factor) has zero residue for all diamonds,
and so does not contribute to the short time behavior
of ZD(t). (Remarkably, this vanishing of the residue at
s= 1/dw also applies to the analogous zeta function on
the Sierpinski gasket [14].) The pole of Γ(s) at s= 0 gives

2.10 4 10 3 2.10 3t
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1.0
ZD t ZD
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Fig. 2: (Colour on-line) Heat kernel ZD(t) at small time,
normalized by the leading non-oscillating term, for the fractal
diamond D4,2. The solid (blue) curve is exact; the dashed (red)
curve is the approximate expression (9). At very small t, these
curves are indistinguishable, as shown in the inset plot. The
relative amplitude of the oscillations remains constant as t→ 0.

a constant contribution, ζD(0), to ZD(t). But the really
surprising new behavior comes from the complex poles
in (8), leading to the oscillatory behavior:

ZD(t) ∼ ldh−1− 1
ln ldw

1

tds/2

(
a0+2Re

(
a1t
−2iπ/(dw ln l)

))
+ ζD(0)+ . . . , (9)

where we have defined am =Γ(sm)ζR(2sm)/π
2sm . The

leading term ∝ t−ds/2 is therefore multiplied by a periodic
function of the form a1r cos(ln t

s1i)+ a1i sin(ln t
s1i), where

a1r,i are respectively the real and imaginary parts of
a1, and s1i = 2π/ln l

dw . The oscillations of ZD(t) are
represented in fig. 2, and we note that the higher complex
poles give much smaller contributions. Similar behavior
has been found numerically for the Sierpinksi gasket [24];
from our work, we further find explicit expressions for the
coefficients, also in the Sierpinksi case.
In principle, all spectral properties can be derived from

the heat kernel (6), or from the associated zeta function
ζD(s) in (7), even though those are not directly accessible
physical quantities. For example, the constant term ζD(0)
in (9) leads to a topological term ζD(0)δ(E) in the density
of states. More interestingly, the oscillations of ZD(t) lead
to oscillatory behavior in physical quantities.
We give an explicit example of one such quantity, in

quantum mesoscopic systems. The fluctuation Σ2(E) of
the number of levels within an energy interval of width E

is defined by the variance, Σ2(E) =N2(E)−N(E)2, of the
integrated density of states (the counting function). In the
diffusion approximation, one can express Σ2(E) directly in
terms of the heat kernel through [6]

Σ2(E) =
2

π2

∫ ∞
0

dt

t
ZD(t) sin

2

(
Et

2

)
. (10)
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Fig. 3: (Colour on-line) Semi-log plot of the fluctuation Σ2(E),
normalized by the leading non-oscillating part, for the diamond
fractal D4,2. The solid (blue) curve is exact; the dashed (red)
curve is the approximation (11). At very large E, these curves
are indistinguishable, as shown in the insert. The relative
amplitude of oscillations remains constant as E→∞.

Inserting (9) for ZD(t), we obtain,

Σ2(E)∼ ldh−1− 1
2π ln ldw

Eds/2
(
b0+2Re

(
b1E

2iπ/ ln ldw
))

− ldh−1

2π2(ldh − 1)
(
(l− 1) ln 4E− l l

dh−1− 1
ldh − 1 ln l

dw

)
, (11)

where bm = ζR(2sm)/(smπ
2smsin(πsm)). The leading term

∝Eds/2 is now multiplied by a periodic function of
the form b1r cos(lnE

s1i)+ b1i sin(lnE
s1i), where b1r,i are,

respectively, the real and imaginary parts of b1. This
oscillating behavior of Σ2(E) is represented in fig. 3. It
is remarkable that the behavior of Σ2(E) differs at low
energy from the expected ergodic regime independent of
fractal dimensions which is well described by random
matrix theory, and also at large energy from free diffusion
∝Eds/2 on the fractal.
Transport quantities such as the dimensionless conduc-

tance (expressed in units of e2/h), are also interesting
on a fractal. For instance, the so-called weak localization
correction ∆g to the conductance, and conductance fluctu-
ations described by the variance δg2, a universal quantity
independent of the system size, take a general and remark-
able form [6] expressed in terms of the zeta function only,
namely ∆g=−2ζD(s= 1) (N.B. the pole must be treated
properly in the special case ds = 2), and δg

2 = 12ζD(s= 2).
For a single-channel setup, it is also possible to relate the
Fano factor [25] which characterizes shot noise to ∆g [26]
and thus to the zeta function, and we obtain immediately
F =−∆g= 1/3 and δg2 = 2/15 for diffusion on a finite
one-dimensional interval. On a fractal, and using (7), these
quantities now depend on the fractal dimensions dh and
ds, and therefore conductance experiments could be used
to determine them.
To summarize, we have considered spectral properties of

deterministic fractals such as the heat kernel and the spec-
tral zeta function. Using the class of diamond fractals, we
have derived simple and explicit formulas which illustrate

a new and general oscillatory behavior of the heat kernel,
and relate it to complex poles, also identified as complex
fractal dimensions, resulting from the exponentially large
degeneracy of the iterated eigenvalues of the Laplacian.
These oscillations which show up in a variety of interest-
ing physical quantities, characterize a fractal. Our results
may be useful to study properties of more general quan-
tum graphs [6] where degeneracies must properly be taken
into account, and to investigate magnetic [27] and topolog-
ical properties [28] of fractals when submitted to external
fields such as a Aharonov-Bohm fluxes. They may also
have interesting implications for gravitational and quan-
tum field theoretic applications.
We end by stating the class of fractals to which our

results apply. We have chosen to illustrate our results using
the class of diamond fractals because this class permits
simple and explicit formulas. But the general observations
about complex dimensions of fractals, and oscillations in
the heat kernel trace and associated physical quantities,
generalize to the class of fractals known as finitely ramified
self-similar fractals with full symmetry group (i.e. the
symmetry group has doubly transitive action on the
boundary). A complete description of these fractals can
be found in [16,29,30]. The best known examples are the
Sierpinski gasket ([24]), the Level-3 Sierpinski gasket and
the Vicsek set. Note that in these and the majority of
other examples the walk dimension is not 2 (as it is for all
diamond fractals), and so ds is not necessarily equal to dh.
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Abstract. We investigate the relation between simple random walks on repeated barycentric sub-
divisions of a triangle and a self-similar fractal, Strichartz hexacarpet, which we introduce. We
explore a graph approximation to the hexacarpet in order to establish a graph isomorphism be-
tween the hexacarpet approximations and Barycentric subdivisions of the triangle, and discuss
various numerical calculations performed on the these graphs. We prove that equilateral barycen-
tric subdivisions converge to a self-similar geodesic metric space of dimension log(6)/log(2), or
about 2.58. Our numerical experiments give evidence to a conjecture that the simple random
walks on the equilateral barycentric subdivisions converge to a continuous diffusion process on
the Strichartz hexacarpet corresponding to a different spectral dimension (estimated numerically
to be about 1.74).
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1. Introduction and main conjectures

The goal of this paper is to investigate the relation between simple random walks on repeated
barycentric subdivisions of a triangle and the self-similar fractal Strichartz hexacarpet. We ex-
plore a graph approximation to the hexacarpet in order to establish a graph isomorphism between
the hexacarpet and Barycentric subdivisions of the triangle. After that we discuss various numeri-
cal calculations performed on the approximating graphs. We prove that the equilateral barycentric
subdivisions converge to a self-similar geodesic metric space of dimension log(6)/log(2) ≈ 2.58
but, at the same time, our mathematical experiments give evidence to a conjecture that the
simple random walks converge to a continuous diffusion process on the Strichartz hexacarpet
corresponding to the spectral dimension ≈ 1.74.
In section 2 we develop the framework and basic results pertaining to barycentric subdivision.

This is a standard object, intrinsic to the study of simplicial complexes, see [12] (and such classics
as [16, 18, 20]). We define a metric on the set of edges of nth-iterated barycentric subdivision of
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Figure 2.1. Barrycentric subdivision

Consider any 2-simplex (triangle) T0 in the plane, defined by the vertices [v0, v1, v2] which do
not all lie on a common line. The sides of T0 are the 1-simplices: [v0, v1], [v0, v2], [v1, v2].

Definition 2.1. We perform barycentric subdivision (BCS) on T as follows: First, we add the
barycenters of the 1-simplices [v0, v1], [v0, v2], [v1, v2] and label them b01, b02, b12, respectively.
Thus, bij is the midpoint of the segment [vi, vj]. Now we add the barycenter of T0 which is the
point in the plane given by 1

3
(v0 + v1 + v2), which we denote b. Any 2-simplex in the collection

of 2-simplices formed by the set N = {v0, v1, v2, b01, b02, b12, b} is said to be minimal if its edges
contain no points in N other than its three vertices. Let B(T0) denote this collection of minimal
2-simplices. Note that these six triangles are of the form [vi, bij, b] where i 6= j ∈ {1, 2, 3} .
We define the process of performing repeated barycentric subdivision on T0 as follows: For

a collection C of 2-simplices, we define B(C) =
⋃
c∈C B(c) to be the collection of minimal

2-simplices obtained by performing BCS on each element of C. In this way we define the nth
level barycentric subdivision of T0 inductively by Bn(T0) = B(Bn−1(T0)).

Definition 2.2. We call the elements of Bn(T0) the level n offspring of T0 where T0 is the level
n ancestor of its 6n offspring in Bn(T0). Similarly, for any triangle T obtained from repeated
BCS of T0, we may consider the level n offspring of T to be the collection Bn(T ). We use the
terms child, (resp. grandchild) to denote the level 1 (resp. level 2) offspring of T . Likewise, we
use the terms parent, (resp. grandparent) to denote the level 1 (resp. level 2) ancestor of T . We
will use t ⊂ T to denote that t is a child of T , and when necessary t ⊂ T ⊂ T ′ to denote that t
is a child of T and a grandchild of T ′. If s and t are both children of T , then we say that s and
t are siblings.

Definition 2.3. For any triangle T = [a, b, c] we define the boundary of T to be the union of its
sides, which we denote ∂T = [a, b] ∪ [b, c] ∪ [a, c]. A level k offspring t of T is said to be a
boundary triangle for T or on the boundary of T if a side of t lies on ∂T . For a given triangle
T , we say that a level k offspring of T is special with respect to T if it is on the boundary of T
and intersects T in a vertex.

Definition 2.4. We say that two level n triangles are adjacent if they share a side. Given a
level n triangle T = [v0, v1, v2], we know the children of T are of the form [vi, bij, b] where
i 6= j ∈ {1, 2, 3}. We say that two children of T are vertex adjacent if their common side is

3
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Figure 3.1. G2 generated by (3.1), (3.2) on left, and (3.3), (3.4) on right.

Proposition 3.2. The space (K,X, {σi}) is a self-similar structure, where σi : K → K is
defined, if π : Σ → K is the projection associated with the equivalence relation ∼, then
σi(π(x)) = π(σi(x)).

Proof. Since x ∼ y implies that σi(x) ∼ σi(y) for all x, y ∈ Σ and i ∈ X (this can be seen in
the definition of ∼), σi : K → K is well defined. The only thing left to check is that K is
metrizable. This follows because we can define a metric δ on K by

δ([x], [y]) = inf
x∈[x],y∈[y]

{δr(x, y)} .

This metric is well defined because the equivalence classes of ∼ contain at most 2 elements. �

Proposition 3.3. The equivalences defined in equations (3.1),(3.2) and equation (3.3), (3.4)
provide two definitions of K which are equivalent.

Proof. To show this we show that there is a self homeomorphism f : Σ→ Σ which transforms
the equivenlence in 3.1 and 3.2 into the equivalence 3.3,3.4. This map f is given by f(u) = v,
where

v1 := u1 and vm := (−1)αm−1um + αm−1,

where αk =
∑k

j=1 uj . This map is continuous, in fact, since how f acts on the nth letter is
independent of any future letters, δ(x, y) ≤ (f(x), f(y)). In fact, since f acts bijectively on Xn

(this is easy to check by induction), f is a bijection, which implies it is an isometry.
Another way of seeing that f is bijective comes from that fact that we can define an inverse

f−1(v) = u where
u1 := v1 and um := (−1)αm−1(vm − αm−1).

Showing that the two equivalences produce identical quotient spaces is a matter of showing that
f and f−1 preserve equivalence, i.e. u ∼ v with respect to 3.1, 3.2 implies that f(u) ∼ f(v)

6



Figure 5.1. Typical radius and diameter path of G4.

Proof. We count inductively the length of the outer circumference of T0 and inner circumference
of T0. The statements about Gn follow from the isomorphism. When we subdivide any triangle,
exactly two of its children contain any one vertex of the parent. In particular, we have that for
each level n triangle in Zn exactly two of its children are in Zn+1. Similarly, for each level n
triangle containing b exactly two of its children contain b. Since |Inn1| = 6, it follows inductively
that |Innn| = 6 · 2n−1 = 3 · 2n.
Note that when we subdivide any triangle in Yn, exactly two of its children are in Yn+1 and

exactly two more of its children are in Zn+1. From Proposition 2.5, we know that |Yn| =
6 ·2n−1 = 3 ·2n, and by definition we have that |Outn| = |Yn|+ |Zn|. Since |Out1| = 6 we again
see by induction that |Outn| = 3n · 2n. �

Next we recall some standard definitions regarding distance on a finite graph G = (V,E), see
[7, 8] for references.

Definition 5.3. The graph or geodesic distance d(x, y) between two vertices x, y ∈ V is the
length of the shortest edge path connecting them. The eccentricity E(x) of a vertex x ∈ V is
defined as E(x) := max{d(x, y) : y ∈ V }. Now the diameter and radius of a finite graph G can
be defined as D(G) := max{E(x) : x ∈ V } and R(G) := min{E(x) : x ∈ V }, respectively. A
vertex x ∈ V is called central if E(x) = R(G) and peripheral if E(x) = D(G). If the length of
the shortest edge path connecting a central vertex to another vertex equals the radius of a graph,
then we call that path a radius path. A diameter path is defined analogously. Note that a radius
or diameter path connecting two vertices need not be unique.

Using Mathematica’s graph utilities package we were able to compute the radius and diameter
of Gn for 1 ≤ n ≤ 9 and to plot radius and diameter paths. See figure 5.1 for some examples.
On observing these paths we noticed that the typical radius path of Gn+1 is composed of a partial

12
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(a) (ϕ2, ϕ3) (b) (ϕ2, ϕ4) (c) (ϕ2, ϕ5)

(d) (ϕ2, ϕ6) (e) (ϕ3, ϕ4) (f) (ϕ3, ϕ5)

(g) (ϕ3, ϕ6) (h) (ϕ4, ϕ5) (i) (ϕ4, ϕ6)

Figure 6.1. Two-dimensional eigenfunction coordinateseigfpics
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(a) (ϕ2, ϕ3, ϕ4) (b) (ϕ2, ϕ3, ϕ5) (c) (ϕ2, ϕ3, ϕ6)

(d) (ϕ2, ϕ3, ϕ7) (e) (ϕ2, ϕ4, ϕ5) (f) (ϕ2, ϕ4, ϕ6)

(g) (ϕ2, ϕ5, ϕ6) (h) (ϕ3, ϕ5, ϕ6) (i) (ϕ4, ϕ5, ϕ6)

Figure 6.2. Three-dimensional eigenfunction coordinates3Deigfpics
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Numerics
λj n = 7 n = 8

1 0.0000 0.0000
2 1.0000 1.0000
3 1.0000 1.0000
4 3.2798 3.2798
5 3.2798 3.2798
6 5.2033 5.2032
7 7.8389 7.8386
8 7.8389 7.8386
9 8.9141 8.9139

10 8.9141 8.9139
11 9.4951 9.4950
12 9.4952 9.4950
13 17.5332 17.5326
14 17.5332 17.5327
15 17.6373 17.6366
16 17.6373 17.6366
17 19.8610 19.8607
18 21.7893 21.7882
19 25.7111 25.7089
20 25.7112 25.7091

Table: Hexacarpet renormalized eigenvalues at levels n = 7 and n = 8.



Level n
c 1 2 3 4 5 6 7

1
2 1.2801 1.3086 1.3085 1.3069 1.3067 1.3065 1.3064
3 1.2801 1.3086 1.3079 1.3075 1.3066 1.3065 1.3064
4 1.1761 1.3011 1.3105 1.3064 1.3068 1.3065 1.3065
5 1.1761 1.3011 1.3089 1.3074 1.3073 1.3065 1.3065
6 1.0146 1.2732 1.3098 1.3015 1.3067 1.3065 1.3064
7 1.2801 1.3114 1.3055 1.3071 1.3066 1.3065
8 1.2801 1.3079 1.3086 1.3075 1.3067 1.3065
9 1.2542 1.3191 1.2929 1.3056 1.3065 1.3065

10 1.2542 1.3017 1.3089 1.3069 1.3066 1.3065
11 1.2461 1.3051 1.3063 1.3048 1.3065 1.3065
12 1.2461 1.3019 1.3075 1.3068 1.3066 1.3065
13 1.1969 1.6014 1.0590 1.3068 1.3066 1.3065
14 1.1969 1.2972 1.3063 1.3078 1.3066 1.3065
15 1.2026 1.3059 1.3020 1.3060 1.3066 1.3065
16 1.2026 1.2993 1.3074 1.3071 1.3067 1.3065
17 1.1640 1.3655 1.2349 1.3064 1.3066 1.3065
18 1.1755 1.4128 1.2009 1.3069 1.3067 1.3065
19 1.1761 1.5252 1.1171 1.3073 1.3068 1.3066
20 1.1761 1.2988 1.3114 1.3077 1.3068 1.3065

Table: Hexacarpet estimates for resistance coefficient c given by 1
6

λn
j

λn+1
j

.



Conjecture
We conjecture that

1. on the Strichartz hexacarpet there exists a unique self-similar local
regular conservative Dirichlet form E with resistance scaling factor
ρ ≈1.304 and the Laplacian scaling factor τ = 6ρ;

2. the simple random walks on the repeated barycentric subdivisions of
a triangle, with the time renormalized by τ n, converge to the
diffusion process, which is the continuous symmetric strong Markov
process corresponding to the Dirichlet form E;

3. this diffusion process satisfies the sub-Gaussian heat kernel estimates
and elliptic and parabolic Harnack inequalities, possibly with
logarithmic corrections, corresponding to the Hausdorff dimension
log(6)

log(2)
≈ 2.58 and the spectral dimension 2

log(6)

log(τ )
≈ 1.74;

4. the spectrum of the Laplacian has spectral gaps in the sense of
Strichartz;

5. the spectral zeta function has a meromorphic continuation to C.





Waves on an one dimensional fractal

The following animation if from a preprint One-dimensional wave
equations defined by fractal Laplacians by John Fun-Choi Chan
(University of Delaware), Sze-Man Ngai (Georgia Southern University)
and A.Teplyaev



Lebesgue measure V.S. Infinite Bernoulli convolution
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