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Abstract
We will discuss a possibility to define vector analysis for measurable
Dirichlet forms (quadratic forms on scalar functions), with applications
to the self-adjointness of the magnetic Laplacian and the Dirac
operator (this construction combines ideas from classical and
non-commutative functional analysis), and the existence of the intrinsic
metrics.
After that we will show how these ideas lead to the Hodge theorem and
the existence and uniqueness for the Navier-Stokes equations for
topologically one-dimensional spaces with strong local Dirichlet forms
that can have arbitrary large Hausdorff and spectral dimensions.
This is a joint work with Michael Hinz, Dan Kelleher, Michael
Roeckner.
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understanding magnetic properties of fractal structures
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understanding spaces appearing in quantum gravity
(partially based on theoretical physics and numerical experiments
[Loll, Reuter et al])
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Dirichlet forms and energy measures
Let X be a locally compact separable metric space, m be a finite Radon
measure on X with dense support, and (E, F ) be a regular symmetric
Dirichlet form on L2 (X, m) with core C := F ∩ C0 (X).
Endowed with the norm kfkFb := E(f)1/2 + supX |f| the space Fb is an
algebra and
E(fg)1/2 ≤ kfkFb kgkFb , f, g ∈ Fb
(1)
For any g, h ∈ F we can define a finite signed Radon measure Γ(g, h)
on X such that
Z
2
f dΓ(g, h) = E(fg, h) + E(fh, g) − E(gh, f) , f ∈ Fb ,
X

the mutual energy measure of g and h.

Examples
(i) Dirichlet forms on Euclidean
domains. Let X = Ω be a domain in
R
Rn and E(f, g) = Ω ∇f∇g dx, f, g ∈ C∞ (Ω). If H10 (Ω) denotes
the closure of C∞
0 (Ω) with respect to the scalar product
E1 (f, g) := E(f, g) + hf, giL2 (Ω) , then (E, H10 (Ω)) is a local regular
Dirichlet form on L2 (Ω). The mutual energy measure of
f, g ∈ H10 (Ω) is given by Γ(f, g) = ∇f∇gdx.
Dirichlet forms on Riemannian manifolds. Let X = M be a
Riemannian manifold and
Z
E(f, g) =
hdf, dgiT∗ M dvol, f, g ∈ C∞ (M)
M

where dvol is the Riemannian volume measure. Similarly as in (i),
the mutual energy measure of f, g is given by
Γ(f, g) = hdf, dgiT∗ M dvol.
(ii) Dirichlet forms induced by resistance forms on self-similar p.c.f.
fractals (gradients with respect to Kusuoka-Kigami measures).

Measures and Dirichlet forms under the Gelfand transform
Hinz, Kelleher, T., Zapiski Nauchnyh Seminarov POMI – J. Math.
Sciences – arXiv:1212.1099
Using the standard tools of Daniell-Stone integrals, Stone-Čech
compactification and Gelfand transform, we show explicitly that
any closed Dirichlet form defined on a measurable space can be
transformed into a regular Dirichlet form on a locally compact
space.
This implies existence (e.g. on the Stone-Čech compactification)
of the associated Hunt process.
As an application, we show that for any separable resistance form
in the sense of Kigami there exists an associated Markov process.

1-forms and vector fields
Let
ha ⊗ b, c ⊗ diH :=

Z

bd dΓ(a, c),

(2)

X

a ⊗ b, c ⊗ d ∈ Fb ⊗ Bb (X), where Bb (X) is the space of bounded
Borel functions.
Define space of differential 1-forms on X
H = F ⊗ Bb (X)/ker k·kH
The space H is a Hilbert bimodule if the algebras Fb and Bb (X) act on
it as follows:
c(a ⊗ b) := (ca) ⊗ b − c ⊗ (ab)
(3)
and
(a ⊗ b)d := a ⊗ (bd).

(4)

A derivation operator ∂ : F → H can be defined by setting
∂f := f ⊗ 1.
It obeys the Leibniz rule,
∂(fg) = f∂g + g∂f, f, g ∈ Fb ,

(5)

and is a bounded linear operator satisfying
2

k∂fkH = E(f), f ∈ Fb .

(6)

On Euclidean domains and on smooth manifolds the operator ∂ coincides
with the classical exterior derivative (in the sense of L2 -differential forms).
These ideas are mostly due to F. Cipriani and J.-L. Sauvageot

Being Hilbert, H is self-dual. We therefore regard 1-forms also as vector
fields and ∂ as the gradient operator. Let Fb∗ denote the dual space of
Fb , normed by

kwkF ∗ = sup |w(f)| : f ∈ Fb , kfkFb ≤ 1 .
b

Given f, g ∈ Fb , consider the functional
∗

u 7→ ∂ (g∂f)(u) := − h∂u, g∂fiH = −

Z

g dΓ(u, f)

X

on Fb . It defines an element ∂ ∗ (g∂f) of Fb∗ , to which we refer as the
divergence of the vector field g∂f.

Lemma
The divergence operator ∂ ∗ extends continuously to a bounded linear
operator from H into Fb∗ with k∂ ∗ vkF ∗ ≤ kvkH , v ∈ H. We have
b

∂ ∗ v(u) = − h∂u, viH
for any u ∈ Fb and any v ∈ H.

The Euclidean identity
div (g grad f) = g∆f + ∇f∇g
has a counterpart in terms of ∂ and ∂ ∗ . Let (A, dom A) denote the
infinitesimal L2 (X, µ)-generator of (E, F ).

Lemma
We have
∂ ∗ (g∂f) = gAf + Γ(f, g) ,
for any simple vector field g∂f, f, g ∈ Fb , and in particular, Af = ∂ ∗ ∂f
for f ∈ Fb .

Corollary
The domain dom ∂ ∗ agrees with the subspace
{v ∈ H : v = ∂f + w : f ∈ dom A , w ∈ ker ∂ ∗ } .
For any v = ∂f + w with f ∈ dom A and w ∈ ker ∂ ∗ we have
∂ ∗ v = Af.

Vector analysis for Dirichlet forms
and quasilinear PDE and SPDE on metric measure spaces,
Hinz, Roeckner, T., Stoch. Processes Appl., arXiv:1202.0743

Theorem

R⊕
The Hilbert spaces H is isometrically isomorphic to X Hx m(dx), a
direct integral representation. In particular, for all ω, η ∈ H,
hω, ηiH =

Z

⊕

hωx , ηx iHx m(dx)

X

and
Γ(ω, η) = hωx , ηx iHx m(dx).
This allows to define Lp -spaces of vector fields.
The operator ∂ is an L2 -differential on F and
h∂f, ∂giH =

Z

⊕

X

(dx f, dx g)Hx m(dx)

(for local forms, the same as in Eberle et al)

Vector equations

div(a(∇u)) = f

(7)

∆u + b(∇u) = f

(8)

∂t = (−i∇ − a) u + Vu.

(9)

+ (u · ∇)u − ∆u + ∇p = 0,
div u = 0,

(10)

i
(

∂u
∂t

∂u

2

Magnetic Schrödinger equations
E a,V (f, g) = h(−i∂ − a)f, (−i∂ − a)giH +hfV, giL2 (X,m) , f, g ∈ FC ,

Theorem
Let a ∈ H∞ and V ∈ L∞ (X, m).
(i) The quadratic form (E a,V , FC ) is closed.
(ii) The self-adjoint non-negative definite operator on L2,C (X, m)
uniquely associated with (E a,V , FC ) is given by
Ha,V = (−i∂ − a)∗ (−i∂ − a) + V,
and the domain of the operator A is a domain of essential
self-adjointness for Ha,V .
Note: related Dirac operator is well defined and self-adjoint


0 −i∂ ∗
D=
−i∂
0

Hodge theorem and Navier-Stokes equations in topological
dimension 1
Theorem (a Hodge theorem, Hinz-T)
Assume that the space X is compact, connected and topologically
one-dimensional of arbitrarily large Hausdorff and spectral dimensions. A
1-form ω ∈ H is harmonic if and only if it is in (Im ∂)⊥ , that is
div ω = 0.
Using the classical identity 12 ∇|u|2 = (u · ∇)u + u × curl u equation
(10) becomes
(
∂u
+ 21 ∂ΓH (u) − ∆1 u + ∂p = 0
∂t
(11)
div u = ∂ ∗ u = 0.

Theorem
Any weak solution u of (11) is unique, harmonic and stationary (i.e.
ut = u0 is independent of t ∈ [0, ∞)) for any divergence free initial
condition u0 .

Derivations and Dirichlet forms on finitely ramified fractals
M. Ionescu, L. G. Rogers, A. T., Derivations and Dirichlet forms
on fractals, arXiv:1106.1450, J. Functional Analysis, 2012
(the next step after Fabio Cipriani, Jean-Luc Sauvageot, CMP 2009)
We study derivations and Fredholm modules on metric spaces with a
local regular conservative Dirichlet form. In particular, on finitely ramified
fractals, we show that there is a non-trivial Fredholm module if and only
if the fractal is not a tree (i.e. not simply connected). This result relates
Fredholm modules and topology, and refines and improves known results on
p.c.f. fractals. We also discuss weakly summable Fredholm modules and
the Dixmier trace in the cases of some finitely and
infinitely ramified fractals (including non-self-similar fractals) if the
so-called spectral dimension is less than 2. In the finitely ramified
self-similar case we relate the p-summability question with estimates of
the Lyapunov exponents for harmonic functions and the behavior of the
pressure function.

Definition
A Hilbert space H is a bimodule over A if there are commuting left and
right actions of A as bounded linear operators on H. If H is such a
bimodule, then a derivation ∂ : A → H is a map with the Leibniz
property ∂(ab) = (∂a)b + a(∂b).

Definition
A Hilbert module H over an involutive algebra A is Fredholm if there is
a self-adjoint involution F on H such that for each a ∈ A, the
commutator [F, a] is a compact operator. A Fredholm module (H, F) is
p-summable for some p ∈ [1, ∞)
each a ∈ A the pth power of the
P∞if for
p
Schatten–von Neumann norm n=0 sn ([F, a]) is finite, where {sn } is the
set of singular values of [F, a]. It is weakly p-summable if
PN−1
supN≥1 N1/p−1 n=0 sn ([F, a]) is finite, unless p = 1 in which case
PN−1
weak 1-summability is that supN≥2 (log N)−1 n=0 sn ([F, a]) < ∞.
Remark: most of these are standard notions from the book by
Connes.
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Fig. 1 Sierpinski gasket
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Heat Kernel Asymptotics for Riemannian Structure on S.G.
Fig. 2 Harmonic Sierpinski
gasket
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Figure 2: S(1/3,1/5,1/7,...)

Remark
(Hinz, T., work in progress)
If the topological dimension is = 1 but
the martingale dimension is > 2
then the curl operator is not closable.
This remark is related to
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MODULUS AND POINCARÉ INEQUALITIES
ON NON-SELF-SIMILAR SIERPIŃSKI CARPETS
John M. Mackay, Jeremy T. Tyson and Kevin Wildrick

Abstract. A carpet is a metric space homeomorphic to the Sierpiński carpet.
We characterize, within a certain class of examples, non-self-similar carpets supporting curve families of nontrivial modulus and supporting Poincaré inequalities.
Our results yield new examples of compact doubling metric measure spaces supporting Poincaré inequalities: these examples have no manifold points, yet embed
isometrically as subsets of Euclidean space.

